In non-uniformly and heavily doped emitter region of bipolar transistor, the continuity equation and the minority current equation cannot be exactly solved in closed form. This paper shows that the calculation of minority-carrier current density can be calculated by a simple approach. This approach is based on the average value of the equilibrium hole density p 0 , diffusion constant D p , and lifetime τ p of minority carrier and leads to two coupled differential equations of the first order. These equations can be solved very easily and can give a simple expression for the current density. Three definitions of the average value of p 0 , D p , and τ p are used and lead to three expressions for the emitter current density. One of them is identical to the one established by Rinaldi by another mathematical analysis and gives very accurate results for shallow emitter (W<1µm), whatever the range peak doping level (N(W)) and surface recombination velocity (S). On the other hand, the expressions obtained from the first or/and the second definition of the average value lead also to accurate results for the current density depending on the value of the surface recombination velocity, but cannot be used when N(W) is greater than 10 20 cm -3 and W is superior to 0.1µm.
Introduction
Minority carrier transport in semiconductor devices is often analysed under the assumption of position-independent doping density and transport parameters in the quasi-neutral region. In that case the only driving force for carrier transport is the gradient in the minority carrier concentration, i.e, current flows by diffusion only. The minoritycarrier continuity and current equation in these quasi-neutral regions can then be solved analytically. However, in many configurations, the assumption of position-independent parameters cannot be made, and quasi-electric fields, due to gradients in doping density as well as gradients in minority-carrier lifetime and mobility, are present. Thus, an intuitive understanding of the minoritycarrier transport phenomena becomes difficult and the continuity equation and the minority current equation cannot be exactly solved in closed form. Consequently, different purely numerical approaches have been proposed in literature, which provide an exact numerical solution to the above mentioned equations [1, 2, 3] .
To obtain physical insight into semiconductor devices performance, analytical solutions to the transport equations are preferred. Several authors have tried to solve the minority-carrier transport analytically by assuming some specific approximations. Dumke [4] derived a hermite polynomial expression for a gaussien profile. He assumed that diffusion coefficient is independent of doping. De Graaf et al. [5] incorporated bandgap narrowing, doping dependent Auger lifetime, built-in electric field, and finite surfacerecombination velocity S at the emitter contact. They divided the emitter into two sub-regions (field dominant and diffusion dominant), in which analytical expressions were derived based on computer simulation. Amontea [6] also divided the emitter into field and diffusion-dominant regions. He introduced a recombination velocity S * that represents the limit between a region dominated by the diffusion and a region dominated by the electrical field. Del Alamo and Swanson [7] have investigated non-uniformly high-doped regions by assuming quasi transparency of emitters. This model gives accurate results only for very thin regions with a highly recombining contact and a weak bulk recombination. Park et al. [8] presented a similar but more systematic procedure to derive a multiple integral asymptotic series for the minority carrier. The obtained solution is valid for any value of the doping profile and of the recombination velocity at the surface. By truncation of these series, a succession of approximate expressions for the minority carrier current is obtained. The choice of the order depends essentially on the recombination velocity at the emitter surface. Selvakumar and Roulston [9] developed an analytical expression of the saturation current by assuming that the quantity C S =p 0 D p /L p is independent of the doping level. Rinaldi [10] , completed and extended the works of Del Alamo et al. [7] and Park et al. [8] by proposing a more general and more exact solution to the problem and derived some previous formulations as particular cases. Nevertheless, the solutions proposed by these authors present some disadvantages, i.e. the expressions of the current density use two and three integrals which require a long computation time and must be evaluated numerically. Rinadi [11] has used the SelvakumarRoulston approach as a convenient starting point, and has derived a new formula for the current Recently, Samet et al. [12] have expressed the current in a classic form as in the case of uniform doping by replacing the emitter concentration by his average value.
In this paper, we present an analytical solution of the minority-carrier transport equations in a non-uniformly heavily doped emitter. Our approach is based on the average values of the parameters p 0 , D p and τ p . The current density is then given in a classical form similar to that related to the uniform doping case. It can be applied for any emitter doping profile. This simplified approach allows to: -provide an accurate and simple analytical model, -reduce widely the computation time, and -obtain a detailed interpretation of the dependence of the current injected in the emitter region upon technological parameters (emitter thick, surface recombination velocity, peak doping concentration).
We note that we have introduced three definitions of the average value of the quantities p 0 , D p and τ p . The first approach has been used by Park et al. [8] , and the second and the third are our proposed approaches. The third one give an expression for the emitter current density similar to the one established by Rinaldi [11] using another mathematical analysis.
Theory

Transport equations in a quasi-neutral emitter region
Considering a non-uniformly doped n-type silicon emitter of bipolar transistor and assuming one dimension flow, the minority-carrier transport equations in the quasi-neutral region under lowinjection level are given by [13, 14] :
where J p , p, p 0 , D p , τ p represent the hole current density, concentration, concentration at thermal equilibrium, diffusion coefficient and lifetime of minority carriers respectively. The hole quasi-electric field E p is obtained by:
where N eff is the effective doping concentration defined as [13] :
N is the emitter doping and ∆E G is the apparent band-gap narrowing.
In equilibrium, the minority-hole concentration p 0 (x) is:
where n i0 is the position independent intrinsic carrier concentration.
Submitting (3) into (1) yields:
The first term on the right side of (6) is the drift current and the second term is the diffusion current. By introducing a new variable, that is the relative excess hole concentration:
Then, equation (2) can be written as:
Using equations (5) and (7), equation (6) becomes:
In order to calculate the current density, these two equations ( (8) and (9)) of the first order must be integrated with suitable boundary conditions. The impurity profile of the n-type emitter studied is shown in Fig. 1 . A gaussien-profile of the emitter doping is used. The impurity concentration N(x) is described by:
Referring to Fig. 1 , the boundary conditions are: -at the surface emitter:
-at the emitter-base junction: x=0 
Resolution of current equations
Case of uniform doping
In the case of uniform doping, the hole current flows by diffusion only (Ep=0 in equation (1), so J p =J diff ). With applying the boundary conditions (equations (11) and (13)), the resolution of equations (8) and (9) gives the current density J p (0) which is expressed by [8] :
Current Evaluation by a Simplified Approach
We propose in this section a simplified approach for the calculation of the current density J p (0) based on the average values of the hole concentration at thermal equilibrium p 0 , diffusion constant D p , and lifetime τ p of minority carriers. In this approach, these parameters are expressed with one space variable: the emitter depth W. We introduce in the emitter region the average values Equations (8) and (9) become:
By combining the later equations, we obtain:
where
Equation (16) is equivalent to that of uniform emitter doping. The current density is then expressed by the following expression:
First average value approach
The average value used for the equilibrium hole density is:
The average value of D p and τ p are defined respectively as [8] :
The expression (18) with respect to (19), (20) and (21) is noted by (18a). 
Second average value approach
The average value of p 0 is also given by (19). The average value of D p and τ p in this approach are expressed respectively by:
The expression (18) with respect to (19), (22) and (23) is noted by (18b).
Third average value approach
In this section, we replace the two fundamental (8) and (9) respectively, we obtain:
Combining (24) and (25) we obtain the following expression: 
Physical models used in the calculation
In this study, we use the following hole lifetime, mobility and apparent band-gap narrowing physical models of Del Alamo et al.
[15]: -The lifetime model: (eV) Figure 2 shows the variation of the emitter saturation current density J oe =Jp(0)/u(0) versus emitter surface recombination velocity S, calculated from transparent model [7] , quasineutral quasi-equilibrium model (QNQE) [8] and expressions (18a), (18b) and (27). The latter is considered to be an accurate solution for the current density as it is demonstrated by Rinaldi [11] when the emitter width is less than 1µm. It is clear that for W=0.2µm, the expression (18a) gives accurate results for S less than S c (∼ 10 5 cm/s) as like as the QNQE model with respect to (27); while in the case of the solution (18b), S must be greater than S c to ensure accuracy as like as the transparent model.
Results
In figures 3a and 3b, the saturation current density calculated from (18a), (18b) and (27) is plotted versus the emitter width W for different surface recombination velocity S. A peak doping N(W) equal to 2×10 20 cm -3 is assumed. For large value of S (S>S c ∼10 5 cm/s), expression (18b) gives the highest accuracy with respect to (27). Indeed, for low emitter width (W<0.1µm) the obtained curves are disconcerted. However, when the emitter width exceeds 0.1µm, the bulk recombination appears and the curves associated with (18b) and (27) begin to take separate courses. On the other hand, expression (18a) gives curves which diverge slightly from those of (27) (20)). For low values of S (S<S c ∼10 5 cm/s), expression (18a) gives accurate results with respect to (27) when the emitter width W is inferior to 0.1µm. This accuracy is obtained since the expression of the average value of p τ (equation (21)) accounts for bulk recombination by the term ∫
Surface recombination velocity S [cm
When W exceeds 0.1µm, a small divergence between the curves is observed. However, the curves obtained from the expression (18b) give less accurate results than those obtained from the expression (18a) with respect to (27). This can be explained by the fact that, for low value of S, the emitter saturation current density is dominated by bulk recombination current which is not accounted for the average value expression of p τ (equation (23)). The best agreement between the different average value approaches (equations (18a), (18b) and (27)) is obtained in the case of low peak doping level (N(W)=10 19 cm -3 ). The obtained results are given in figure 4a and 4b, and show that the curves are entirely disconcerted whatever the emitter width and surface recombination velocity. These highly accurate results can be explained by the existence of a compromise between the bulk and the surface recombination for the above-mentioned doping value. . Figure 5a and 5b illustrate the variation of emitter saturation current density as a function of the peak doping level (N(W)) for different emitter width and for high surface recombination velocity (S=10 7 cm/s). We notice from figure 5a that whatever the emitter width, the expression (18a) provides less accurate results than that of equation (27) especially at high surface peak concentration. We can then confirm that expression (18a) is less accurate for high surface recombination velocity. From figure 5b, we notice that the expression (18b) provides results very close to (27) for all peak doping range when the emitter width is lower than 0.1µm. For large emitter width (W=1µm), and when the concentration is superior to 10 20 cm -3 , the divergence between the curves becomes not negligible. This can be explained by the appearance of recombination in the emitter bulk related to large emitter width and to small minority carrier lifetime when the doping concentration increases. Figures 6a and 6b show the same study in the case of small recombination velocity at the surface (S=10 2 cm/s). We notice an important change in the curves shape. The current density increases with peak doping range. This is related to the fact that when surface recombination is low, the current is dominated by the bulk recombination which increases rapidly with emitter doping; this leads to an important current increase.
From figure 6a, expression (18a) ensures accuracy at all peak doping level when the emitter width is lower than 0.1µm. For large emitter width (W=1µm), this expression provides accuracy only for peak doping level inferior to 10 20 cm -3 . In figure 6b , the divergence between the curves obtained from equation (18b) and equation (27) increases with peak concentration.
These results confirm that expression (18b) is less accurate for low recombination velocity.
From figures 5 and 6, we can conclude that at high surface recombination velocity, accurate results for the current density can be obtained from equation (18b) whatever the peak doping level when the emitter width is less than 0.1µm. When the emitter width exceeds 0.1µm, the peak doping must be inferior to 10 20 cm -3 to ensure accuracy. In addition, at low surface recombination velocity, expression (18a) must be used for the same width and peak doping range in order to give accurate results. However, these solutions cannot be used when the emitter width is larger than 0.1µm and the peak doping range is greater than 10 20 cm -3 . 
Conclusion
In this paper we have presented an approach that simplifies calculation of minority carrier current density in heavily doped emitter of bipolar transistor, taking into account nonuniformly doping profile and positiondependent parameters. This approach is based on the average value of three fundamental quantities: p 0 , D p and τ p of minority carriers. Three definitions of the average value of these parameters that give three expressions for the emitter saturation current density are proposed. The third definition leads to the same expression for the current density as it is established by Rinaldi using another mathematical analysis. This solution gives accurate result for the current density whatever the range peak doping level (N(W)), emitter width (W<1µm) and surface recombination velocity (S). The results show that the two other solutions are dominated by the surface recombination velocity S. In fact, expressions (18a) and (18b) can be used when the surface recombination velocity is less than or superior to 10 5 cm/s respectively. However, these solutions cannot be used when W is superior to 0.1µm, and N(W) is greater than 10 20 cm -3 .
